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Electron Capture (EC)

Figure: Electron Capture
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Why EC?

Figure: EC in Nuclear medicine [1]
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Why EC?

Figure: XENON1T Collaboration experimental results [2]
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Why EC?

Figure: ECHo-1k experimental results [3]
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Decay Rate

λ =
G 2
β

2π3

∑
x

NxCxFxSx (1)

Fx =
π

2
q2xβ

2
xBx (2)

x = (nκ)

kx = |κ| ≤ L

Nx - Relative occupation number

px ,qx - Electron, neutrino momentum

βx - Coulomb amplitude

Bx - The exchange and overlap correction factor

Sx - The shake-up and shake-off correction factor
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Decay Rate

Cx =
[
ML

(
kx , k

(1)
ν

)
+ (κx/kx)mL

(
kx , k

(1)
ν

)]2
+
[
ML

(
kx , k

(2)
ν

)
+ (κx/kx)mL

(
kx , k

(2)
ν

)]2
+
[
ML+1

(
kx , k

(2)
ν

)
+ (κx/kx)mL+1

(
kx , k

(2)
ν

)]2
+ δ∆J,0 [M0(1, 1) + (κx/kx)m0(1, 1)]

2

(3)

For (L-1)th unique forbidden transitions:

Cx =
(2L− 2)!!

(2L− 1)!!

(
AF 0

LL−11

)2
R2(L−1) p

2(kx−1)
x q

2(L−kx )
x

(2kx − 1)! {2 (L− kx) + 1}!
(4)

For allowed transitions: Cx = δ∆J,0

(
VF 0

000

)2
+
(
AF 0

101

)2
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More decay constant

k(1)ν = L− kx + 1,

k(2)ν = L− kx + 2.
(5)

ML

(
kx , k

(1)
ν

)
= KL (pxR)

kx−1 (qxR)
k
(1)
ν −1×{

−[(2L+ 1)/L]1/2 VF 0
LL−11 + (2kx + 1)−1/2 αZ VF 0

LL0 (kx , 1, 1, 1)

+

[
(2kx + 1)−1

(
2k(1)ν + 1

)−1
qxR

]
VF 0

LL0−

(2kx + 1)−1 αZ [(L+ 1)/L]1/2 AF 0
LL1 (kx , 1, 1, 1)

−
[
(2kx + 1)−1WxR +

(
2k(1)ν + 1

)−1
qxR

]
[(L+ 1)/L]1/2 AF 0

LL1

}
(6)
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More decay constant

mL

(
kx , k

(1)
ν

)
= KL (pxR)

kx−1 (qxR)
k
(1)
ν −1 (2kx + 1)−1 R{

VF 0
LL0 − [(L+ 1)/L]1/2AF 0

LL1

}
,

ML

(
kx , k

(2)
ν

)
= −K̃L (pxR)

kx−1 (qxR)
k
(2)
ν −1

√√√√ L+ 1

(2kx − 1)
(
2k

(2)
ν − 1

)
{
VF 0

LL0 +
(
kx − k(2)ν

)
(L+ 1)−1[(L+ 1)/L]1/2 AF 0

LL1

}
,

ML+1

(
kx , k

(2)
ν

)
= −K̃L (pxR)

kx−1 (qxR)
k
(2)
ν −1 AF 0

(L+1)L1.

(7)

KL =(1/2)1/2[(2L)!!/(2L+ 1)!!]1/2
[
(2kx − 1)!

(
2k(1)ν − 1

)
!
]−1/2

, (8)

K̃L =[(2L)!!/(2L+ 1)!!]1/2
[
(2kx − 1)!

(
2k(2)ν − 1

)
!
]−1/2

. (9)
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Form-factors and nuclear matrix elements

VFN
KLs (kx ,m, n, ρ) = (−1)K−L VMN

KLs (kx ,m, n, ρ) ,
AFN

KLs (kx ,m, n, ρ) = (−1)K−L gA
AMN

KLs (kx ,m, n, ρ) ,
(10)

VFN
KLs =

VFN
KLs (kx ,m, n, 0) = (−1)K−L VMN

KLs (kx ,m, n, 0) ,
AFN

KLs =
AFN

KLs (kx ,m, n, 0) = (−1)K−L gA
AMN

KLs (kx ,m, n, 0) ,
(11)

(−1)Jf −Mf

(
Jf K Ji

−Mf M Mi

){
VMN

KLs (kx ,m, n, ρ) + gA
AMN

KLs (kx ,m, n, ρ)
}
=

√
4π

2Ji + 1
×∫∫

· · ·
∫
ψ†
f (1, 2, . . .A; JfMf πf )×

A∑
j=1

{( r

R

)L∗2N
I (kx ,m, n, ρ; r) (1 + gAγ5)T

M
KLs t+

}
j

×

ψi (1, 2, . . .A; JiMiπi ) dτ1dτ2 · · · dτA.
(12)
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Electronic wave function

ψnκm(r⃗) =

(
gnκ(r)Ωκ,m(r̂)
ifnκ(r)Ω−κ,m(r̂)

)
(13)(

d

dr
+
κ+ 1

r

)
gnκ(r) = (Enκ − V (r) +me) fnκ(r),(

d

dr
− κ− 1

r

)
fnκ(r) = − (Enκ − V (r)−me) gnκ(r).

(14)

Coulomb Amplitudes{
gnκ(r)
fnκ(r)

}
= βnκ

(pnκr)
k−1

(2k − 1)!!

∞∑
j=0

{
aj
bj

}
r j (15)

Veff =
∞∑

m=0

vmr
m (16)
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DHFS Potential

V (r) ≡ VDHFS (r) = Vnuc (r) + Vel (r) + Vex (r) (17)

A Fermi distribution for proton density is used to compute the nuclear
potential.

ρp(r) =
ρ0

1 + e(r−Rn)/a
, Vnuc(r) = −α

∫
ρp (r

′)

|r − r
′|
dr

′ (18)

The electronic potential is computed from the electron density

ρ(r) =
∑
nκ

ψ†
nκ(r)ψnκ(r), Vel(r) = α

∫
ρ (r ′)

|r − r ′|
dr ′ (19)

The exchange potential is

Vex(r) =

{
−3

2α
(
3
π

)1/3
[ρ(r)]1/3 r < rLatter

−α(Z−N+1)
r − Vnuc(r)− Vel(r) r ≥ rLatter

(20)
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DHFS Potential
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Figure: The DHFS potential (black) for neutral atom 55Fe in ground state
electronic configuration multiplied by the radius, along with its components.[4]
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Binding energies

Figure: Comparison of theoretical binding energies with experimental values. [4]
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The exchange and overlap correction

Figure: Electron Capture WITHOUT correction
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The exchange and overlap correction

Figure: Electron Capture WITH correction
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The exchange and overlap correction factor

The exchange and overlap correction takes into accounts the exchange
between the captured electron and the measured position of the hole, and
the imperfect overlap between initial and final wave function of the
spectator electrons.

Bnκ =

∣∣∣∣bnκβnκ

∣∣∣∣2 (21)

bnκ =

[∏
m,µ

〈
(m, µ)′

∣∣(m, µ)〉nmµ

] 〈
(n, κ)′

∣∣(n, κ)〉− 1
2|κ|

×

βnκ − ∑
m ̸=n

βmκ
⟨(m, κ)′|(n, κ)⟩
⟨(m, κ)′|(m, κ)⟩

 (22)

B1−1 ≈ 0.92− 0.99; Bnκ ≈ 0.8− 2.1
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Shake-up and shake-off corrections

Figure: Electron Capture WITHOUT corrections
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Shake-up and shake-off corrections

Figure: Electron Capture WITH shake-up and shake-off corrections

Sevestrean Vasile-Alin Advances in Theoretical Studies of Electron Capture 26 May 2026



21/40

Shake-up and shake-off corrections

The shake-up and shake-off corrections takes into account the probability
that an spectator electron is promoted to a upper vacant shell or is ejected
in continuous.

Snκ = 1 +
∑
m,µ

Pmµ (23)

Pmµ = 1− |
〈
(m, µ)′

∣∣(m, µ)〉 |2nmµ

−
∑
l ̸=m

n′lµnmµ|
〈
(l , µ)′

∣∣(m, µ)〉 |2 (24)

S1−1 ≈ 1− 1.05; Snκ ≈ 1− 1.21
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Energy conservation

Approximate formula:

Mi +me − |Enκ| = Mf + Rγ + qnκ (25)

Refined formula:

Mgs(A,Z ) = Mnκ(A,Z − 1) + Rγ + qnκ (26)

Mgs(A,Z )−Mgs(A,Z −1) = Mnκ(A,Z −1)−Mgs(A,Z −1)+Rγ +qnκ
(27)

Mgs(A,Z )−Mgs(A,Z−1) = |Bgs(Z−1)|−|Bnκ(Z−1)|+Rγ+qnκ (28)

Rnκ = |Bgs(Z − 1)| − |Bnκ(Z − 1)| - Released energy after EC (29)

λnκ ∝ q
2(L−k+1)
nκ (for unique transitions) (30)

Framework published in [4]
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Atomic relaxation energy
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Figure: Comparison between theoretical and experimental atomic relaxation
energy. [4]
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Energy conservation

Figure: XENON1T Collaboration experimental results [2]
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Comparison between formulas - K shell
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Figure: The ratio between the theoretical and experimental values for relative
capture probability from the K shell considering both the approximate (orange
triangle) and the refined (blue circle) formulas for energy conservation. [4]
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Comparison between formulas - L shell
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Figure: The ratio between the theoretical and experimental values for relative
capture probability from the L shell considering both the approximate (orange
triangle) and the refined (blue circle) formulas for energy conservation. [4]
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EC ratios

Isotope Q(keV) Rγ(keV) Type Quantity OW RD
7Be 861.89(7) 0 Allowed λK/λ 0.90047(2) 0.908(12)

λL/λ 0.09952(2) 0.092(12)
861.89(7) 477.612(3) Allowed λK/λ 0.90046(5) 0.908(12)

λL/λ 0.09954(5) 0.092(12)
64Cu 1674.62(21) 1345.777(23) Allowed λK/λ 0.8815(2) 0.884(3)

λL/λ 0.1008(2) 0.099(2)
λM/λ 0.01714(3) 0.0162(5)

124I 3159.6(19) 2335.03(1) 2nd UF λK/λ 0.82040(273) 0.82099(43)
λL/λ 0.14024(233) 0.13959(19)
λM/λ 0.03099(54) 0.03135(15)

3159.6(19) 2483.362(13) 1st UF λK/λ 0.83148(215) 0.83184(41)
λL/λ 0.13175(183) 0.13127(18)
λM/λ 0.02891(43) 0.02928(14)

195Au 226.8(10) 98.880(2) 1st UF λK/λ 0.445(19) 0.452(6)
λL/λ 0.400(14) 0.398(4)
λM+/λ 0.1552(53) 0.1499(18)

Table: Comparison of our theoretical predictions and measured experimental data
for electron capture ratios. This table is taken from [4].
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L-shell dominance

Isotope Q(keV)[5] Rγ(keV)[6] λK/λ λL/λ λM/λ λM+/λ
127Xe 662.33(546) 618.31(13) OW 0.303(179) 0.520(125) 0.137(39) 0.177(50)
127Xe 662.33(546) 618.31(13) RD 0.310(80) 0.523(44) 0.137(12) -
207Bi 2397.41(266) 2339.92(0.8) OW 0 0.638(8) 0.260(5) 0.362(7)
207Bi 2397.41(266) 2339.92(0.8) RD 0 0.651(6) - 0.349(6)
236Np 933.51(5043) 848.3(10) OW 0 0.651(133) 0.245(79) 0.349(128)
236Np 933.51(5043) 848.3(10) RD 0 0.6(−) - 0.4(−)

Table: Comparison of theoretical predictions and experimental results of electron
capture probabilities for selected isotopes and transitions. This table is taken
from [7].
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EC in nuclear medicine

Isotope Q(keV)[5] Rγ(keV)[6] λK/λ λL/λ λM/λ× 102 λN/λ× 103 λO/λ× 103

67Ga 1001.2(11) 0 This work 0.8818(3) 0.0995(3) 1.715(5) 1.504(5) 0
RD 0.8836(15) 0.0989(12) 1.640(40) -

67Ga 1001.2(11) 93.312(5) This work 0.8816(3) 0.0997(3) 1.718(6) 1.507(5) 0
RD 0.8834(15) 0.0991(12) 1.640(40) -

67Ga 1001.2(11) 184.579(6) This work 0.8814(4) 0.1000(3) 1.722(6) 1.510(6) 0
RD 0.8832(15) 0.0993(12) 1.640(40) -

67Ga 1001.2(11) 393.531(7) This work 0.8806(5) 0.1005(4) 1.734(8) 1.521(8) 0
RD 0.8824(15) 0.0999(12) 1.650(40) -

111In 860(3) 416.72(3) This work 0.8494(24) 0.11922(206) 2.520(46) 5.532(101) 0.609(11)
RD 0.8518(2) 0.11835(13) - - -

123I 1228(3) 158.994(22) This work 0.8513(10) 0.1166(8) 2.516(2) 5.913(45) 0.942(7)
RD 0.8533(14) 0.1163(10) 2.48(5) - -

123I 1228(3) 440.00(4) This work 0.8489(13) 0.1185(11) 2.563(26) 6.027(61) 0.960(10)
RD 0.8510(14) 0.1181(10) 2.53(5) - -

123I 1228(3) 489.78(5) This work 0.8482(14) 0.1190(12) 2.580(28) 6.057(66) 0.965(11)
RD 0.8503(14) 0.1186(10) 2.54(5) - -

123I 1228(3) 505.35(4) This work 0.8480(14) 0.1191(13) 2.580(28) 6.067(68) 0.966(11)
RD 0.8501(14) 0.1187(10) 2.54(5) - -

123I 1228(3) 687.97(3) This work 0.8444(20) 0.1219(17) 2.649(40) 6.233(94) 0.993(15)
RD 0.8464(14) 0.1216(10) 2.62(5) - -

123I 1228(3) 783.62(3) This work 0.8412(25) 0.1243(21) 2.709(49) 6.380(117) 1.017(19)
RD 0.8436(14) 0.1237(10) 2.67(5) - -

Table: Comparison theoretical and experimental values of relative capture
probabilities for nuclei of interest in nuclear medicine. This table is taken from [4]
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EC as a tool for neutrino mass determination

We consider mν ̸= 0 eV and take into account Γx the Breit-Wigner
resonances centered at Rx for allowed and UF transitions:

ρ(E ) =
G 2
β

(2π)2

∑
x

NxCxβ
2
xBxSxqxEνx

Γx/(2π)

(E − Rx)
2 + Γ2x/4

(31)

with

Rx = |Bgs(Z − 1)| − |Bx(Z − 1)| (32)
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Normalized distributions of released energy for 95Tc
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Figure: Normalized distributions of released energy in the EC decay of 95Tc in the
transitions to the two excited states of 95Mo[8]
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Comparison of 95Tc with 163Ho
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Figure: Normalized distributions of released energy in the EC decay of 95Tc with
Q∗

EC within 1σ range; and of 163Ho[8]
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Comparison of 97Tc with 163Ho

Figure: Normalized distributions of released energy in the EC decay of 97Tc,
assuming allowed transition type in comparison with 163Ho.[9]
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Statistical approach for 97Tc

Figure: Normalized distributions of released energy as a function of E in the
statistical approach for 97Tc with Q∗

EC of 4.8(10) keV.[9]
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Comparison of 113Sn with 163Ho
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Figure: Normalized distributions of released energy in the EC decay of 113Sn, as
functions of E −Q∗

EC, assuming allowed transition type in comparison with 163Ho.

To be published...
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Comparison of 113Sn with 163Ho - ZOOM
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Figure: Zoom of the endpoint for the normalized distributions of released energy
in the EC decay of 113Sn in comparison with 163Ho.

To be published...
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Comparison of 148Eu with 163Ho
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Figure: Normalized distributions of released energy in the EC decay of 148Eu - 3rd
UF, as functions of E − Q∗

EC, in comparison with 163Ho.

Work in progress
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Half-life time predictions

Table: Theoretical predictions for partial half-life time for the EC decay of 95Tc.[8]

Q∗
EC interaction MGT Total K L1 L2 M1

(keV) (103yr) (107yr) (104yr) (105yr) (104yr)
20.52(61) jj45pna −0.00696 877 20.0 117 708 640

jj45pnb -0.016533 155 3.55 20.8 125 81.6
glekpn 0.0070667 850 19.4 114 587 446

12.9(10) jj45pna −0.02412 173 - 24.1 143 79.7
jj45pnb -0.0198667 255 - 35.6 210 117
glekpn 0.2296 1.9 - 0.266 1.57 0.880

Q∗
EC Final Total L1 L2 L3 M1 M2 M3 M4 N1 N2

(keV) J (yr) (yr) (yr) (109 yr) (yr) (yr) (1010yr) (1012yr) (yr) (yr)

9.60 3/2 33.56 59.60 2327.62 - 105.54 4158.28 - - 403.91 17428.1
9.60 1/2 238.08 422.75 16510.2 - 748.59 29495.3 - - 2864.97 123620.
14.97 5/2 4.04 ×109 7.15 ×1011 2.79 ×1013 5.85 1.12 ×1012 4.40 ×1013 1.65 6.94 4.13 ×1012 1.78 ×1014

Table: Computed half-lives for the electron capture decay of 113Sn to the excited
states of 113In . The shell-model interaction used is jj45pnb. To be published.
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Half-life time predictions

Table: Theoretical predictions for 97Tc assuming L1 energetically available [9]

Type Total L1 L2 M1 M2 N1 N2 O1

(104) (104) (107) (104) (106) (105) (107) (106)

allowed 19+17
−0.7 46+120

−26 2.2+5.0
−1.2 47+32

−17 26+18
−10 20+12

−7 13+8
−4 42+25

−15

Total L1 L2 L3 M1 M2 M3 M4 M5

2nd (1016) (1023) (1024) (1018) (1021) (1023) (1018) (1020) (1016)

UF 11+6.1
−3.4 1.0+50

−0.92 3.1+84
−2.7 5.3+38

−4.0 4.4+15
−3.1 2.3+7.2

−1.6 2.0+3.1
−1.1 11+17

−6.2 11+6.2
−3.4

Total L1 L2 L3 M1 M2 M3 M4 M5

4th (1021) (1028) (1030) (1024) (1026) (1028) (1023) (1025) (1021)

NUF 10+10
−3.6 5.7+1066

−5.5 1.4+116
−1.3 2.6+58

−2.3 5.0+31
−4.0 2.5+1.4

−2.0 2.6+8.4
−1.8 14+42

−1.0 7.2+11
−3.9

Table: Theoretical predictions for 97Tc assuming L1 energetically unavailable [9]

Type Total L2 M1 M2 N1 N2 O1
(104) (109) (105) (106) (105) (107) (107)

allowed 93+7
−6 5.7+40

−3.4 16.9+5
−3.4 91+27

−18 60+18
−12 38+11

−8 12.7+4
−2.5

Total L2 L3 M1 M2 M3 M4 M5
2nd (1016) (1031) (1022) (1021) (1023) (1018) (1021) (1016)
UF 33+2.5

−1.9 4.9+2326
−4.5 4.1+21

−2.7 215+59
−38 98+26

−17 24+4.0
−2.8 12+1.9

−1.4 35+2.6
−2.0

Total L2 L3 M1 M2 M3 M4 M5
4th (1021) (1039) (1030) (1028) (1029) (1023) (1026) (1021)
NUF 74+11

−8.3 6.1+25320
−5.9 1.9+26

−1.5 9+3.4
−2.1 38+14

−8.7 110+29
−19 51+12

−8.4 78+12
−8.8
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Conclusion and outlook

Relative capture probability, half-life times and other intermediate
quantities were calculated

We considered the exchange and overlap corrections and the shake-up
and shake-off corrections

We improved the way the energy conservation was taken into account

We implemented the error propagation through pseudo-experiments

We plotted the distribution of released energy for both 95Tc, 97Tc,
and 113Sn in comparison with 163Ho
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